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1 Introduction 



Superstring theory |], is the leading candidate for a theory unifying all 
matter and forces (including gravity, in particular). Unfortunately, there are 
five such consistent theories, namely, SO (32) type I , type IIA, type IIB, 
Eg <S> Eg heterotic and Spin(32)/Z2 heterotic theories. This richness is an 
embarrassment for pure theorists. One hope is that all these five superstring 
theories are just different solutions of an underlying theory. In the last few 
years this hope turns out to be true. The underlying theory is the so called 
M theory [Q, f|, [|. One formulation of M theory is given in terms of Matrix 
theory ||. Nevertheless this formulation is not background independent. It 
is difficult to use it to discuss non-perturbative problems and still we should 
rely on the study of BPS states. A thorough study of BPS states in any 
theory is a must for an understanding of non-perturbative phenomena. 

In superstring theory and M theory, there is a plethora of BPS states. 
These BPS states have the special property of preserving some supersymme- 
try. In a low energy limit they are special solutions of the low energy su- 
pergravity theory with Poincare invariance. However there exists also some 
other p-branes which don't preserve any supersymmetry and they are also 
no longer Poincare invariant. In finding these (soliton) solutions one either 
resort to supersymmetry or make some simple plausible assumptions. There 
is no definite reasoning that the so obtained solution is unique. The purpose 
of this paper is to fill this gap. 

It is also interesting to study soliton solutions for its own sake without 
using any supersymmetric argument. Quite recently there are some interests 
f7|, [|, |9], |ll[ in studying branes in type string theories which have no fermions 
and no supersymmetry in 10 dimensions 0. In these string theories, we can't 
use supersymmetric arguments. So it is important to push other symmtric 
arguments to their limits. 

In this paper we will study the coupled system of gravity (<?mat), dilaton 
(4>) and anti-symmetric tensor (A MlM2 ... Mn _ 1 ) in any dimensions. In a pre- 
vious letter |T^] we announced the complete solution of this system. Here 
we will give more details of the derivation of the complete solution and also 
extend the solution to include black branes. After making a quasi-Poincare 
invariant ansatz for the metric and either electric or magnetic ansatz for the 
anti-symmetric tensor, we derive all the equations of motion in some details. 
A system of six ordinary differential equations are obtained for five unknown 
functions (of one variable). After making some changes of the unknown 



2 



functions we solved four equations explicity. As we shown in []I3|1 , these re- 
maining two equations (for one unknown functions) are mutually compatible 
and a unique solution can always be obtained with appropriate boundary 
conditions. The last equation can also be solved in the most generic case 
by exploiating some properties of Schwarzian derivative. The complete so- 
lutions are given explicitly. By requiring that the solution approaches the 
flat space-time for r — ► oo, we found that there remains four free parame- 
ters. For special values of these four parameters we got the well-known BPS 
brane solution and black brane solution [14], [15], 16 . We will not discuss the 
physical property of these solutions |T7|. For previous studies of soliton and 
brane solutions in supergravity and string theories, see for example the re- 
views ]T3|, [0], |2D], |2T], ^2|. We note that some solutions are also generated via 
sigma-models in | 23|| . These solutions are only special cases of our complete 
solutions. In fact there is a large number of papers dealing with the brane 
solution in one way or another. We apologize in advance that this paper is 
not a review and we can't cite all of them because the purpose of this paper 
is to obtain the most complete solution which wasn't achieved before. 



2 The Equations of Motion and the Ansatz 

Our starting point is the following action for the coupled system of gravity 
9mn, dilaton (f> and anti-symmetric tensor A^...^^: 



d D x, 



-g [R- l -g MN d M ct>d m 
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where a is a constant and F is the field strength: F = dA. 

The equations of motion can be easily derived from the above action ([[]): 
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Of course it is impossible to solve the above system of equations in their full 
generality. To get some meaningful solution we will make some assumptions 
by using symmetric arguments. 

Our ansatz for a p-dimensional black brane is as follows: 



p 



ds 2 = _ e 2AoM dt 2 + J2 e 2A ^ r \dx a ) 2 + e 2B ^dr 2 + e 2C ^dQ 2 3+v (6) 



a=l 



where dfl^ +1 is the square of the line element on the unit d+1 sphere which 
can be written as follows: 

dfl| +1 = dOl + sin 2 9 x d9\ + ■■■ + (sin 9 X ■ ■ ■ sin 9 i ) 2 d9} +r (7) 

The brane is extended in the directions (t,x a ). When all A a (including 
Aq) are equal, the brane is Poincare invariant in the space-time spanned by 
(t, x a ). We will call the ansatz (|6]) quasi-Poincare invariant when all A a are 
equal except A . 

For the anti-symmetric tensor A, we have 2 different choices. The first 
choice is the electric case and we take the following form for A: 

A = ±e A(r) da; A da; 1 A ■ ■ • A dx p . (8) 

The second choice is the magnetic case and we take the following form for 
the dual potential A: 

A = ±e A(r) dx° A dx 1 A • • • A dx p . (9) 

We note that the relation between the antisymmetric tensor field strength F 
and its dual field strength F (= dA) is: 

pMi-M n _ -a4> -*- r Mi—M n Ni—N D -n gy ., , r (in\ 

~ ^Tg e {D-n)\ *N,~N D . n - UUj 

By using this relation the ansatz @ transform to an ansatz for F: 



F = ±A'exp 



v 



A - acf) - ~ B + (d + 1) C 



a=0 



(11; 



where uj, 1 is the volume form of the sphere S d+1 with unit radius. As it 
is well-known from duality, the equation of motion (|^) becomes the Bianchi 
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identity for F which is satisfied automatically. Nevertheless the Bianchih 
identity for F becomes the equation of motion for F which is given as follows: 

'" --d Nl (y/=ge- a +F NlNa - ND -») = 0. (12) 



From now on we will discuss the electric case only. 

Denoting the coordinate index as (M) = (t, a, r, i) and tangent index as 
(A) = (i, a,f, i), i.e. a bar over coordinate index, we introduce the following 
moving frame: 

e f = e A{r) dt = -e h (13) 
e a = e ^M dx « = e _ ; ( 14 ) 

e f = e B(r) dr = e _ ; ( 15 j 

e* = e c{r) sin Q x ■ ■ ■ sin f _id0i = ej. (16) 

From [ 373 1 we have the following results for the Riemann curvature: 

R AB = f AB e A Ae B , (17) 

where there is no summation ove A and B. f AB can be chosen to be sym- 
metric and is when A = B. By definition 

R AB = lRif N dx M Adx N , (18) 

we have 

R-MN = f ( e M e N ~ e N 6 m)i (19) 

and 

r>A _ tdAB c N _ fAB C A _ rA C A / 9n \ 

where we have defined f A as 



r = E/^ ( 21 ) 



B 



which can be computed to give the following results: 



f = -e- 2B (A'> + A' Q C£A' a -B' + (d + l)C')), (22) 



a=0 
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r = -e- 2B (< + ^(^4-S'+(J+l)C")), (23) 

,3=0 

+(d + l){C'f - B'(£< + V + 1)C')), (24) 

a=0 

/ P 

f l = -e~ 2B (C" + C'(J2 A 'a- B, + (d + l)C') 

a=0 

-de~ 2C+2B y (25) 
Notice that the metric in (||) is a diagonal metric we have then 

RmN = RM e AN = f $m9MN, (26) 

p 

R MN dx M ®dx N = -/ 1 7®e 1 "+^fe"»e" 

a=l 

+/V~®e f + fdO ( j +1 , (27) 

To obtain the equation of motion from eqs. (0) to @ we also need to 
know some expressions involving F. We have (for elementary solution) 

A = ±e A(r) dx° A dx 1 • • • A dx n ~ 2 , (28) 

F = dA = ±A'e A(r) dr A dx° A da; 1 • ■ ■ A dx"~ 2 , (29) 

Fmn = F MM2 ... Mn F N M2 Mn , (30) 

F rr = -(n- l)!(A'e A(r) ) 2 e- 2 ^-o^ ) (31) 

= -^(n-l)!(A'e A «) 2 e- 2 ^o^-^ ; (32) 

-F/v/at = 0, for the rest cases, (33) 



and 



F 2 = g MN F MN = -n\ (A' e A «) 2 e ~ 2 ^=o A ^ 2B , (34) 
The equation of motion for g MN gives the following equations: 
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1 „«*(t? i U ~ l ) ,,2 



f # = — e a0 F i7 - - -— ^ F 9ii , (37) 

J y j 2-(n-l)! V n(D-2) V v ; 

for the (rr), (/iz/) and (ij) components respectively. Substituting all f A and 
Fmn into the above equations and setting C = B + In r, A = A + | In / and 
A a = A (a — 1, • • • ,p), we obtain the following four equations: 

A" + d{A'f + dA'B' + ±±±A'+± (In/)' A' = S\ (38) 

A" + d{A'f + dA'B' + — A' + I (In/)" + 1 (In/)' 

r 2 2 

x ((d + I) A' + 1 (In/)' + dB> + j = S 2 , (39) 

+ dA 'B' + -A' + d(B') 2 + - (In/)' (b' + -) 
r 2 \ r J 

2d+ 1 . 1 d 

<M" + (d+ 1)B" + <i(,4') 2 + B' - ■M'B' + i (In/)" 

4 (2A' - B') + \ ((In f)'f + ± (0') 2 = I ^ S 2 , (41) 



where d — p + 1 — n — 1 and 



5 = ^ e ^+ A ~^. (42) 
/ 2 



The equation of motion for is 



i" + [ d A' + dfl' + ^ + i (In /)' ] 0' = S 2 , (43) 



while the equation of motion for F is 



e A+a<t>-dA+dB = q (44) 



These six equations, eqs. (]3lf)-(|4"T|), ( f4*3"|) and ([HQ, consist of the complete 
system of equations of motion for five unknow functions: /(r), A(r), B(r), 
4>(r) and A(r). We will solve these equations completely in the next three 
sections. 



3 A First Try at the Solution 

In this section we will try our best to solve the above system of equations by 



elementary means. First it is easy to integrate eq. ([0]) to get 
A' 



f 2 (r) 



^K(r)+a<t>{r)-dA{r)+dB(r) r d+l __ 



where Co is a constant of integration. If we know the other four functions 

/(r), A(r), B{r) and </>(r), this equation can be easily integrated to give A(r): 

pr c\t \ -a<j>(r)+dA(r)-dB(r) 

e A( * = c ° J dr ri » • («) 

By using eq. (pEoD, S can be written as follows: 

a W = c « ri+1 ■ < 47 > 

In order to solve the other equations we make a change of functions from 
f(r), A(r), B(r) and 0(r) to £(?"), (3(r), r](r) and Y{r): 

f(r) = dA(r) + dB(r) + i In /(r), (48) 

/3(r) = <M(r) + d£(r) - - In/(r), (49) 

^(r) = 0(r) + a(A(r)-B(r)), (50) 

Y(r) = A(r)-B(r). (51) 

The equations are then changed to 

£" + (0 2 + — £' = 0, (52) 
r 

/?"+U / + ^) /? + = (53) 



d + l 



(54) 



Y"-^{Y'f 



d — d .. d + l . 1 . . _ , 

■A 2 1 



(55) 
(56) 



where 



A 



2dd 
D — 2 



+ af 



(57) 



The general solutions for £, (3 and ?7 can be obtained easily from eqs. ([52"D, 
(|53| ) and ([54]) and we have 



V' 





In 



Ci + C 2 r 



-2</ 



2C 2 a + C 3 r d 
r(C 2 + dr M ") ' 
-2C 2 d + C 4 r d 
r(C 2 + C x r 



2d\ 



(58) 
(59) 

(60) 



where Cj's are constants of integration. To make sense of the above expres- 
sions, C\ and C*2 can't be zero simultaneously. 

Substituting the above expressions into eqs. (EE) and (|56"D, we get 



y" _ ^ (r) 2 + g (r)r = i?(r) 



and 

S 2 = A | Y 

where 
Q(r) ■ 



, 2C 2 + ±(aQ 



dCi\„d 



3 L>-2 



r 



r(C 2 + Cir 2d ) 



+ 



„2d-2 



(C 2 + dr 2 ^ 



(61) 



(62) 



d+l 2C 2 (A- d) + ( a c 3 + jg|)r d " 
r + r(C 2 + dr 2d ") 
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(63) 



R(r) 



r 2 (C 2 + dr 2d f 



x 



2C 2 2 (A - d) + 2C 2 aC 3 



da 



D-2 



4(D - 2^ 1 



(64) 



1 

A 



^1 - - I aC 3 



dC 4 
D-2 



+8d(d 



4 ' 



(65) 



2(D - 2) 

Notice that our system of equations of motion is an over determined 
system: five unknown functions satisfying six equations. We have solved 
four equations and there are two equations, eqs. (|6lD and (|62|) , remaining 
with one unknown function Y(r). These two equations have the same form 
as the equations derived in |L3| . So the same proof given in |1| can be used 
here to show that these two equations actually give no constraints on Y{r) 
and effectively there is only one equation, i.e., we can solve either one of 
them and the other one will be satisfied automatically. In next section we 
will solve eq. flSTD completely. 



4 A Special Solution 



Now we start to solve eq. (pl|) . Let 

g = J dre AY-SQ(r)dr 



or, 



Y = i (ln(</) + J Q(r)dr 



eq. flBTD becomes 



Here 



<7"Y 1 (9" 



9' J 2 \g> 



R{r) 



R{r) = AR{r)-Q'{r)--Q 2 (r) 



d 2 -l 



Ar 



2d~2 



2r 2 2{C 2 + C l r 2d ) 2 



(66) 
(67) 

(68) 



(69) 
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with 

A = AK-4d 2 C 1 C 2 (70) 

The left-hand side of eq. ( |B5D is the well-known Schwarzian derivative of 
the funtion g defined as: 

9 \ i /Y 



s(9) n7J-H7J' (71) 

Thus, in order to solve eq. (|68|) , one must find a function g such that 

^ - 1 A r 2d " 2 

5(o) = — + ^. 72 

V ' 2r 2 2 (C 2 + dr M ) 2 V ; 

4.1 Notations and Conventions 

Let / be an arbitrary function of r and /' be its derivative. The notation 
f(r) always represents the value of the function / at r. Similarly, f'(r) is the 
value of the function /' at r. 

while the composition of two functions / and g is denoted by fog. These 
functions are defined by 

(fg)(r) = f(r)g(r), (73) 

-)(r) = (74) 
.9 J 9{r) 

(f°9)(r) = f(g(r)). (75) 

For product of three or more functions we assume that the composition of two 

functions has a higher rank of precedence of associavity than the products of 

/ 

functions. Nevertheless the symbol — is considered to be a pure entity and 

9 

can't be breaked. To understand these conventions we have the following 
examples: 



fgoh = gohf = f(goh), (76) 

L oh= (L 

9 \9, 



f oh = (-)oh. (77) 



1 We denote / / by / 2 , / / / by / 3 , and so on. 
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If k G C or R, we define a function l k as the multiplication of its variable 
with the number k, i.e., 

Z fe (r) =lcr. 

For convinence we also consider /c itself as a constant function taking the 
value k: 

k(r) = k. 

Other functions such as the power function r s with real number s and the 
exponential function e r are denoted by p s and exp and other elementary 
functions are denoted by their standard mathematical symbols. 

With these conventions, we can derive the following derivative rules: 

l' k = k, k' — 0, 

P's = s Ps-i arctan' = (78) 

exp' = exp, In' — p-i, 

and the derivative rule for composition of function is 

{fog)' = sf fog (79) 

4.2 Some Properties of the Schwarzian Derivative 

Now we list some elementary properties of the Schwarzian derivative. 

(1) If / and g are two functions, we have 

S(fog) = (g') 2 S(f)og + S(g). (80) 

(2) If f — " ~*~ ; for some numbers a, 6, c and d, namely, f(r) = — 
w l c + d K 1 cr + d 

then 

This is the well-know fact that the fractional linear transformation is a global 
conformal transformation of the complex sphere. By using this result we have 

s (utH- s(,) - < 82 > 

That is to say, if g is a special solution of the equation S(f) = R, the general 
solution will be 

l a + b ag + b 

l c + a eg + a 
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with constants a, b, c, d such that ad — be = 1. 
(3) For s 6 R, we have 

S{l k ) = o, 

S(Ps) ■ 

S(exp) - 
SQn) - 



s 2 -l 

1 

2' 
1 



2p 2 ' 
S(tan) = 2, 



S'(arctan) 



2 



4.3 A Special Solution of Eq. (|72p 

The function i? in Eq. ([72]) is 



5 = ^ 2 -l Ap 2d -_ 2 1 

2 P2 + 2 (C 2 + C lJ 9 2 ) 2 ° Pd - 

For CiC 2 > 0, we have 

R = s( P ~) + (p'j) 2 s{h x )o Pi 

where hi is a yet-unknown function such that 
A 1 



S(hl) 2d?C% (1 + %p 2 ? 



C2 1 



Now we want to find a function h 2 such that 

A 1 



S{h 2 



2d 2 C l C 2 (I+P2) 2 
13 



S M+ AK 1 



2J 2 C 1 C 2 (1+P 2 ) 2 

= d arctan + arctan — o arctan 

2d 2 C 1 C 2 

= S(h 3 o arctan) (93) 

where K is the constant in eq. (^). Note that in the third line we have 
AK 

considered — ~ to be a constant function. The function h 3 in the 

2d 2 C 1 C 2 

above is easy to find to be tan ol k with 



because 



S(h 3 



< 94) 



AK 



2d 2 C x C 2 

S(l k ) + {l' k f S(tan) o l k 

S(tano/ fc ). (95) 



Combining all the above steps, one finds that 

R = S^tan ol k o arctan °^^rj^r ° Pi)- (96) 
and a special solution of eq. ([T2|) is found to be: 

g = tan ol k o arctan ° Pj, (97) 

namely, 

Ci ._</ 




00 ( r ) — tan ( arctan y — r ) . (9S) 

The special case considered in |13j corresponds to = 1. By using Mathe- 
matica, we have checked that the above function is indeed a solution of eq. 

The general solution / of eq. Q72"D can be obtained according to eq. (B3f) . 
Here we have three independent constants. This is the right number for a 
third order ordinary differential equation. So we obtain the complete solution 
to eq. ([72]). Substituting these into Eq. (§7j), one can write down the complete 
solution to eq. ([H]) which we turn in the next section. 
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5 The Complete Solution 



The general solution of eq. (|72|) is obtained from the above special solution, 
eq. (HH), by an arbitrary SL(2,R) transformation: 



do 9o{r) + b 



c 9o(r) +d ' 

where cto, b , Co and do consist of an SL(2, R) matrix: 

ao d -b c = 1. 



(99) 



(100) 



With this general solution in hand one can check that the other equation 
) is also satisfied. Setting 



h{r) = arctan \ — ^ r^, 

V 



the complete solutions are: 



rj(r) 

f3(r) 
Y(r) 



In 



C 1 + C 2 r 



-2d 



d K d^C 2 
ay ^1^2 

2 

— — In |C*7 cos(A; /i(r)) + C 8 sin(A; /i(r) 

1 Qj C'i ~\- FT~n 

--~C(r)+ - 3 ^_ 2 /i(r), 



and 



f{r) 
A(r) 



exp 



h{r) 



dVC7C 2 
C 6 aC*+(l + g)Ct 



2(D-2) ( J D-2)A V ^TC^ 
2d 



/i(r) 



(101) 

(102) 
(103) 

(104) 



(105) 



(106) 



A (D - 2) 



ln|C 7 cos(kh(r)) + C 8 sin(kh(r))\ , (107) 



15 



with 



B(r) 



2(D - 2) d 
2d 



1 a (-2rfC 3 + aC 4 ) 
- £(r) H -= h(r 



4>{r) = C 5 + 



A{D-2 / 
2dC 3 



2dA(D-2) 
In \C 7 cos(kh(r)) + C 8 sin(kh(r))\ , 
a C 4 



h(r) 



(D-2)AVC^C 2 
+ ^ In \C 7 cos(kh(r)) + C 8 sin(^/i(r))| , 



3 A(r) = Coe -(aC 5 + ^) 



c 9 + 



X 



sin(k h(r)) 



C 7 (C 7 cos(A; /i(r)) + C 8 sin(A; /i(r))) 



Cl e~ aC *-^ = K (C 2 7 + C'i). 



dC 6 



(108) 



(109) 



(110) 



(111) 



From the above explicit result we see that there are 9 constants of integration. 
Most of them can be remove by chosing appropriate space-time transforma- 
tions. In the next section we will consider the the case for C\ C<i < and 
requiring that the solution goes to flat space-time for r — > oo. 



6 The case for C x C 2 < 0. 

In this case the function h(r) is changed to 



h(r) = In 



by omitting an overall constant and setting C2 = 
complete solution is 



£(r) 



In 



r 



2d 



V(r) = - 1 t,(r) + c 1 h(r) 
d 

/3(r) = £(r) + c 2 h(r), 



(112) 

r™, (d = 1). The 

(113) 

(114) 
(115) 
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Y{r) 



d 



A 



dc 2 
D-2 



h{r) 



cosh(&; /i(r)) + C3 sinh(fc h(r)) 



where q's are free constants and 



4- 



4 



1 

A 



a ci + 



dc 2 
D-2 



2(d+l) p-3)c 



d 



2(D-2) 



where .K" is assumed to be negative and 

-C2 



f(r) 



A(r) 



d (a Cl + (l + fj) c 2 



A(D-2) 
2d 



h(r) 



A(D - 2) 



In 



cosh(A; h(r)) + C3 sinh(A;/i(r)) 



B(r) 



1 a (2dci - ac 2 ) , 

d ^ ; 2A(D-2) ^ 



2d 



In 



A (D-2) 
d(2dc\ — a c 2 ) 



cosh(fc/i(r)) + c 3 sinh(A; h{r)) 
h{r) 



,A(r) 



and 



A (D-2) 

cosh(/c /i(r)) + C3 sinh(/c /t(r)) 

sinh(&; /i(r)) 
cosh(A; /i(r)) + c 3 sinh(£; ft,(r)) 



Co = ^(^-l). 
A ~ 



2a , 
+-ln 



Co 



+ const., 



(116) 

(117) 
(118) 



(119) 



(120) 



(121) 



(122) 
(123) 

(124) 



For K > 0, we set k = — K, and the solution is obtained by the simple 
substitution: cosh — > cos and sinh — > sin. The last equation (|124j) is changed 
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to 



(125) 



The black brane solution found in [jrj], [T5], [TB[ is a special case of the 

above solution with c\ — — and c 2 = —2. The can be computed from ( |117| ) 

d 

and we get k = 1. To make contact with the previous result, we should 
change the isotropic coordinates used in this paper to the Schwarzschild- 
type coordinates. In Schwarzschild-type coordinate, the black brane solution 



obtained in 14, 15 



is 



f- 



id 
A (D-2) 



k 

f- 



dt 2 + dx'dx* 



in/-, 

A 



(126) 



(127) 



The transformation from the isotropic coordinate r to the Schwarzschild-type 
coordinate f is 



%+VT- 



and we have 



In 



In 



dr 2 



r 



dr 



r 2 /+/- 



-ln/+ + ln 



- In /_ + In 
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ln(cosh h{r) + C3 sinh h{r)) = — (In / + + In /_ 

2 



with 



c 3 



4 I'J-^i- 



n — r_ 



(128) 
(129) 

(130) 

(131) 
(132) 

(133) 
(134) 
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We have then 



f(r) = f f, (135) 
2d 

A(r) = ~ ^~7jj (M r ) + ln(cosh h(r) + C3 sinh h(r))) 

2,1 In/-, (136) 



A(D-2) 

la 2 2d 

B(r) = -£(r) h(r) + — — ln(cosh /i(r) + C3 sinh /i(r)) 

<i Ad ' ' A(I/-2) 

2 2 n 2 
= -„\n^= _ + ln/_, (137) 

0(r) = — (/i(r) + ln(cosh /i(r) + C3 sinh/i(r))) = — — ln/_. (138) 



The above results gave exactly the black brane solution ( 126 ). 

From the above results we see that the black brane solution is a two- 
parameter solution. Our complete solution is a four-parameter solution. A 
detail study of the physical property of this more general solution is left for 
a future publication. 
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